Abstract. Under the right conditions on a compact metric space X and on a Banach space E, we give a description of the 2-local (standard) isometries on the Banach space Lip(X, E) of vector-valued Lipschitz functions from X to E in terms of a generalized composition operator, and we study when every 2-local (standard) isometry on Lip(X, E) is both linear and surjective.
Introduction
Let E and F be Banach spaces. Let S be a subset of the space L(E, F ) of all continuous linear maps from E into F . We shall follow the notation in [19, 20, 8, 9] and [21] . Accordingly to those references, a (non-necessarily linear nor continuous) mapping ∆ : E → F is a 2-local S-map if for any x, y ∈ E, there exists T x,y ∈ S, depending on x and y, such that ∆(x) = T x,y (x) and ∆(y) = T x,y (y).
The most studied class of 2-local S-maps is that related to the set S = Iso(E, F ) of all surjective linear isometries from E onto F . We shall write Iso(E) instead of Iso(E, E). A Banach space E is said to be 2-iso-reflexive if every 2-local Iso(E)-map (also called 2-local isometry) on E is both linear and surjective.
Similarly, when A is a Banach algebra and Aut(A) denotes the set of all automorphisms on A, we shall say that A is 2-auto-reflexive if every 2-local Aut(A)-map (also named 2-local automorphism) on A is both linear and surjective.
A problem addressed in the literature by different authors is to study when a Banach space is 2-iso-reflexive or a Banach algebra is 2-auto-reflexive. Another interesting problem is to determine when a 2-local isometry or a 2-local automorphism is linear. Let us present an illustrative list of examples.
( ) For 1 ≤ p < ∞ and p = 2, the space ℓ p is 2-iso-reflexive (Al-Halees and Fleming [1] ); ( ) For a Hilbert space H, the algebra B(H) is 2-auto-reflexive (Šemrl [21] for the case in which H is infinite dimensional and separable, and Ayupov and Kudaybergenov [5] for the general case); ( ) For an infinite dimensional separable complex Hilbert space H, the C * -algebra B(H) is 2-iso-reflexive, and every C * -subalgebra A of B(H) which is an extension of the algebra of all compact operators by a separable commutative C * -algebra is 2-iso-reflexive (Molnár [17] ); ( ) Every 2-local * -homomorphism from a von Neumann algebra (respectively, from a compact C * -algebra) into a C * -algebra is a linear * -homomorphism (Burgos, Fernández-Polo, Garcés, and Peralta [7] ). ( ) For a first countable compact Hausdorff space X, the C * -algebra C(X) of all complex-valued continuous functions on X is 2-auto-reflexive (Molnár [18] ); ( ) Suppose L is a first countable and σ-compact locally compact Hausdorff space. Then the C * -algebra C 0 (L) of all complex-valued continuous functions on L which vanish at infinity, is 2-iso-reflexive (Győry [10] ). Győry also showed the existence of an uncountable discrete space L for which there exists a non-surjective 2-local automorphism on C 0 (L); ( ) If A is a uniform algebra on a compact Hausdorff space X, that is, a closed subalgebra of C(X) which separates the points of X and contains the constant functions, then every 2-local automorphism T on A is a linear isometry from A onto T (A). Given a compact subset K ⊂ C, let A(K) denote the algebra of all complex-valued continuous functions on K which are holomorphic on the interior Int(K) of K. If K is a connected compact subset of C such that Int(K) has finitely many components and Int(K) = K, then every 2-local isometry (2-local automorphism) T on A(K) is a surjective linear isometry (respectively, automorphism). The same conclusion holds when K is the closure of a strictly pseudoconvex domain in C 2 with boundary of class C 2 (Hatori, Miura, Oka and Takagi [11] ); ( ) If K is a σ-compact metric space and E is a smooth reflexive Banach space, then C 0 (K, E) is 2-iso-reflexive if and only if E is 2-iso-reflexive (Al-Halees and Fleming [1] ); ( ) Every weak-2-local isometry between uniform algebras is linear (Li, Peralta, Wang and Wang [16] ). 2-local derivations on C * -algebras have been studied in [21, 2, 3, 19, 20, 8, 9, 14] and [15] .
Let X be a metric space and let E be a normed space. Throughout this paper the Lipschitz space Lip(X, E) is the space of all bounded Lipschitz functions f from X to E, endowed with the norm
where L(f ) denotes the Lipschitz constant of f and f ∞ the uniform norm of f . In the case E = C, we shall simply write Lip(X). It is usual to consider also the vector space Lip(X) equipped with the norm f s = L(f ) + f ∞ for all f ∈ Lip(X).
The aim of this note is to study 2-local isometries between spaces of vector-valued Lipschitz functions Lip(X, E). This is probably the first case where a vector-valued study is considered.
The complex-valued case was treated in [12, 16] . Namely, if the set
is canonical (in the sense that every element of S can be expressed as a weighted composition operator τ C ψ , where the weight τ is a unimodular constant and the symbol ψ is an isometry from Y onto X) and . stands indistinctly for the norms · L and · s , it was stated in [16] that every weak-2-local S-map from Lip(X) to Lip(Y ) is linear and, as a consequence, the space (Lip(K), . s ) is 2-iso-reflexive for each compact metric space K such that Iso(Lip(K), . s ) is canonical. In order to study 2-local isometries, an appropriate starting point is a good knowledge on the surjective linear isometries of the concrete space to be studied. The key description to begin our study is provided by results due to the first author and Villegas-Vallecillos in [12] and Botelho, Fleming and Jamison in [6] , and more concretely from the next theorem borrowed from the just quoted paper. 
The previous theorem will be frequently applied without any explicit mention. Araujo and Dubarbie [4] introduced an alternative subclass of surjective linear isometries admitting an expression similar to that of Theorem 1.1, which is also appropriate for our purposes.
Let X and Y be metric spaces and let E and F be normed spaces. A bijective map ϕ : Y → X preserves distances less than 2 if d(ϕ(x), ϕ(y)) = d(x, y) whenever d(x, y) < 2. The symbol Iso <2 (Y, X) will stand for the set of all bijective maps ϕ : Y → X such that both ϕ and ϕ −1 preserve distances less than 2. Notice that every element ϕ ∈ Iso <2 (Y, X) is a Lipschitz homeomorphism when X and Y are bounded.
for all f ∈ Lip(X, E) and y ∈ Y . Under these conditions, it can be easily seen that the map J is actually a Lipschitz mapping (compare [6, page 827, lines 28-31]).
Notice that every standard isometry is a surjective linear isometry. Theorem 3.1 in [4] provides a condition under which both types of isometries coincide.
Let S denote the set of all standard isometries from Lip(X, E) to Lip(Y, F ). A mapping ∆ : Lip(X, E) → Lip(Y, F ) which is a 2-local S-map will be called a 2-local standard isometry. We shall say that Lip(X, E) is 2-standard-isoreflexive if every 2-local standard isometry on Lip(X, E) is both linear and surjective.
Under certain conditions on a compact metric space X and on a normed space E, we shall give in this note a description of all 2-local isometries and all 2-local standard isometries on Lip(X, E) by means of a generalized composition operator, and we shall study when the space Lip(X, E) is 2-isoreflexive and 2-standard-iso-reflexive, respectively.
2-local isometries on vector-valued Lipschitz functions
We shall make use of the following auxiliary functions. Let (X, d) be a metric space and pick x ∈ X. It is immediate that
Given f ∈ Lip(X) and e ∈ E, the symbol f ⊗ e will denote the function defined by f ⊗ e(x) = f (x)e for all x ∈ X. Notice that f ⊗ e belongs to Lip(X, E) and
For every normed space E, we write B E and S E for its closed unit ball and its unit sphere, respectively. Let us recall that a normed space E is smooth if for any point e ∈ S E , there exists a unique functional e * ∈ S E * such that e * (e) = 1. It is known that a space E is smooth if and only if its norm has a Gâteaux differential at all points in S E .
Let X and Y be metric spaces, let E and F be normed spaces and let ∆ : Lip(X, E) → Lip(Y, F ) be a mapping. For any x ∈ X, u * ∈ B E * and f ∈ Lip(X, E), we define the sets
Lemma 2.1. Let X and Y be compact metric spaces (respectively, pathwise connected compact metric spaces), and let E and F be smooth reflexive Banach spaces. Then, for each 2-local standard isometry (respectively, for every 2-local isometry) ∆ : Lip(X, E) → Lip(Y, F ), the set A x,u * is not empty for every x ∈ X and u * ∈ S E * . In such a case, v * ∈ S F * for every (y, v * ) ∈ A x,u * .
Proof. We shall only prove the statement concerning 2-local standard isometries. The other statement follows with similar arguments and Theorem 1.1. Assume that ∆ is a 2-local standard isometry, and let us fix x ∈ X and u * ∈ S E * .
We shall first prove that A x,u * ,f is not empty for every f ∈ Lip(X, E). Namely, there exists a standard isometry
, and hence there exist ϕ f ∈ Iso <2 (Y, X) and a Lipschitz mapping
for all h ∈ Lip(X, E) and y ∈ Y . We can choose y 0 ∈ Y such that ϕ f (y 0 ) = x, and thus
, and hence (y 0 , v * 0 ) ∈ A x,u * ,f , as required. Since F is reflexive, the set B F * is compact when equipped with the weak topology. The space Y × B F * will be regarded as a compact space with the product topology of both compact spaces. We claim that A x,u * ,f is a closed subset of Y × B F * for every f ∈ Lip(X, E). To prove the claim, assume that
, and thus v * (∆(f )(y)) = u * (f (x)), which proves the claim.
Let us observe that the arguments above are valid to prove that for each x ∈ X, u * ∈ B E * and f ∈ Lip(X, E) the set A x,u * ,f is non-empty and closed in Y × B F * .
We return to the case in which u * ∈ S E * . Since Y × B F * is compact, in order to show that the set A x,u * is not empty it suffices to show that the family {A x,u * ,f : f ∈ Lip(X, E)} has the finite intersection property. Let f 1 , f 2 , . . . , f n ∈ Lip(X, E) and define g : X → R by
It can be easily checked that g ∈ Lip(X, R + ) and f = h x g ∈ Lip(X, R + 0 ). Recall that h x is in Lip(X, [0, 1]) with h x L = 1 and satisfies that h −1
x ({1}) = {x}. Since E is reflexive, we can take e ∈ S E such that u * (e) = 1. Given 1 ≤ i ≤ n, since ∆ is a 2-local standard isometry, there exists a standard isometry T f ⊗e,f i : Lip(X, E) → Lip(Y, F ) such that ∆(f ⊗e) = T f ⊗e,f i (f ⊗e) and ∆(f i ) = T f ⊗e,f i (f i ). This implies the existence of ϕ f ⊗e,f i ∈ Iso <2 (Y, X) and a Lipschitz map y → J f ⊗e,f i (y) from Y into Iso(E, F ) such that
For each (y, v * ) ∈ A x,u * ,f ⊗e and 1 ≤ i ≤ n, one can derive that
Here, v * J f ⊗e,f i (y) belongs to B E * as J f ⊗e,f i (y) is a linear surjective isometry.
Since h x and g attain their maximum at x, we deduce that h x g attains its maximum at x and ϕ f ⊗e,f i (y). It follows that h x attains its maximum at ϕ f ⊗e,f i (y), and therefore h x (ϕ f ⊗e,f i (y)) = h x (x) = 1. The property h −1
x ({1}) = {x} implies that ϕ f ⊗e,f i (y) = x. In this case, we have v * (J f ⊗e,f i (y)(e)) = 1, and hence u * = v * (J f ⊗e,f i (y)) because E is smooth. Consequently, we have
This means that (y, v * ) ∈ A x,u * ,f i for all 1 ≤ i ≤ n, and thus the family {A x,u * ,f : f ∈ Lip(X, E)} satisfies the finite intersection property. Concerning the last statement, if u * ∈ S E * and (y, v * ) ∈ A x,u * , then u * (f (x)) = v * (∆(f )(y)) for all f ∈ Lip(X, E). Clearly, v * ≤ 1. By the reflexivity of E, we can find u ∈ S E such that u * (u) = 1. Therefore, since ∆ is an isometry, we get
For each mapping ∆ : Lip(X, E) → Lip(Y, F ), let us define 
We can define a surjective mapping ψ from Y 0 to X defined by the following property: for each y ∈ Y 0 , ψ(y) is the unique element in X such that for any v * ∈ S F * with (y, v * ) ∈ Y, there exists a unique u * ∈ S E * such that (y, v * ) ∈ A ψ(y),u * .
Proof. We shall only prove the case in which ∆ is a 2-local standard isometry, the other statement follows with similar arguments and Theorem 1.1.
. Then, for each j = 1, 2, we have u * j (f (x j )) = v * j (∆(f )(y)) for every f ∈ Lip(X, E). For j = 1, 2, by the reflexivity of E choose u j ∈ S E such that u * j (u j ) = 1 and consider the function f j = h x j ⊗u j . It follows from the hypothesis on ∆ that there exist ϕ f 1 ,f 2 ∈ Iso <2 (Y, X) and a Lipschitz map
x j ({1}) = {x j } for j = 1, 2, it follows that x 2 = ϕ f 1 ,f 2 (y) = x 1 , witnessing the first statement.
(b) Suppose (y, v * ) ∈ A x 0 ,u * 1 and (y, v * ) ∈ A x 0 ,u *
2
. In this case the identities
for all e ∈ E, and thus u * 1 = u * 2 . (c) Let Y 0 = π 1 (Y) be the set of all y ∈ Y such that (y, v * ) ∈ Y for some v * ∈ S F * . By (a) and (b), for each y ∈ Y 0 , there exists a unique ψ(y) ∈ X such that for each (y, v * ) ∈ Y, we have (y, v * ) ∈ A ψ(y),u * for a unique u * ∈ S E * . The surjectivity of ψ follows from Lemma 2.1.
We can establish now a Lipschitz version of [1, Theorem 6]. 
Proof. Let Y 0 and ψ : Y 0 → X be the set and the surjective mapping defined in Lemma 2.2. We shall first show that ψ is injective. To this end, let y 1 , y 2 ∈ Y 0 be such that x 0 = ψ(y 1 ) = ψ(y 2 ) ∈ X. By definition, for each j = 1, 2 we have
Since ∆ is a 2-local isometry, there exists a linear isometry ∆ f 1 ,f 2 from Lip(X, E) onto Lip(Y, E) which coincides with ∆ at f 1 and f 2 . By Theorem 1.1, there are a Lipschitz homeomorphism ϕ f 1 ,f 2 : Y → X and a Lipschitz mapping
x 0 ({1}) = {x 0 }, we infer that ϕ f 1 ,f 2 (y j ) = x 0 for j = 1, 2. Since ϕ f 1 ,f 2 is injective, we get y 1 = y 2 , which proves that ψ is injective.
For any y ∈ Y 0 , let us define a mapping V (y) : E → E given by
where f is any function in Lip(X, E) satisfying f (ψ(y)) = e. We first show that V (y) is well-defined. In a first step, fix e ∈ S E , take g = h ψ(y) ⊗ e and let f be any function in Lip(X, E) for which f (ψ(y)) = e. Recall that g is in Lip(X, E) with ||g|| L = 1 and satisfies that g(ψ(y)) = e and {z ∈ X : ||g(z)|| = 1} = {ψ(y)}. Since ∆ is a 2-local isometry, there exist a Lipschitz homeomorphism ϕ f,g : Y → X and a Lipschitz mapping
and ∆(g)(y) = V f,g (y)(g(ϕ f,g (y))).
Let e * ∈ S E * such that e * (e) = e . By Lemmas 2.1 and 2.2, there exists e * ∈ S E * such that e * (∆(g)(y)) = e * (g(ψ(y))) = e * (e) = e = 1.
It follows that 1 =ẽ
Since {z ∈ X : g(z) = 1} = {ψ(y)}, we deduce that ϕ f,g (y) = ψ(y), and then
We have just proved that if f 1 , f 2 are functions in Lip(X, E) satisfying f 1 (ψ(y)) = f 2 (ψ(y)) = e for some e ∈ S E , then
Now, let e be a non-zero element in E. It is well known that every 2-local isometry is 1-homogeneous, that is, ∆(λf ) = λ∆(f ) for every λ ∈ K and f ∈ Lip(X, E) (compare [19, Lemma 2.1] or [8, Lemma 2.1]). Let us take
By the above-proved equality and the homogeneity of ∆, we obtain
Finally, let us suppose that e = 0. Since y ∈ Y 0 , Lemmas 2.1 and 2.2 assure the existence of u * , v * ∈ S E * such that
for all h ∈ Lip(X, E). Let us take u ∈ S E with u * (u) = 1 and let g = h ψ(y) ⊗ u. In such a case, v * (∆(g)(y)) = u * (g(ψ(y))) = 1. Let f be any function in Lip(X, E) for which f (ψ(y)) = 0. Applying that ∆ is a 2-local isometry, we deduce the existence of a Lipschitz homeomorphism ϕ f,g : Y → X and a Lipschitz mapping y → V f,g (y) from Y into Iso(E), such that
, it follows that g(ϕ f,g (y)) = 1, and hence ψ(y) = ϕ f,g (y). Therefore
We have established that (2.1) ∆(f )(y) = 0, for every f ∈ Lip(X, E) with f (ψ(y)) = 0.
The previous arguments prove that V (y) is well-defined. We shall show next that V (y) is a surjective linear isometry on E for each y ∈ Y 0 . To this end, fix y ∈ Y 0 and let u 0 , v 0 be elements in E. Let f 0 , g 0 be arbitrary elements in Lip(X, E) attaining their norm only at ψ(y) and satisfying that f 0 (ψ(y)) = u 0 and g 0 (ψ(y)) = v 0 . It follows from the definition of V (y) and the hypothesis on ∆ that
, where V f 0 ,g 0 (y) ∈ Iso(E). This shows that V (y) is a 2-local isometry on E. Since, by hypothesis, E is 2-iso-reflexive, we deduce that V (y) is a surjective linear isometry on E.
It is now time to explore the continuity of the mapping V : Y 0 → Iso(E). Suppose that (y n ) is a sequence in Y 0 converging to y 0 ∈ Y 0 . For each e ∈ E, we have
for all n ∈ N, and hence the mapping V is continuous from Y 0 into Iso(E), when the latter is equipped with the SOT topology.
We shall finally show that ψ is a Lipschitz map. Indeed, fix any e ∈ S E , and for any y 1 = y 2 ∈ Y 0 , take f 1 = f ψ(y 1 ) ⊗ e and f 2 = f ψ(y 2 ) ⊗ e. By hypothesis, we can find a surjective linear isometry ∆ f 1 ,f 2 : Lip(X, E) → Lip(Y, E) whose evaluations at f 1 and f 2 coincide with the corresponding evaluations of ∆ at these two points. Therefore
On the other hand, by (2.1) we have ∆(f 1 )(y 1 ) = 0, and by the properties we established to show that V is well defined, we deduce that
Since V (y 2 ) is an isometry, we derive that
Similar arguments to those given in the proof of Theorem 2.3 can be also applied to prove the following result. 
Our next technical result has been borrowed from [13] .
Lemma 2.5. [13, Proposition 3.2] Let X be a metric space, and let R = {r n : n ∈ N} be a countable set of pairwise distinct points of X. Then there exist Lipschitz functions f, g : X → [0, 1] such that f has a strict local maximum at every point of R and {z ∈ X : (f (z), g(z)) = (f (r n ), g(r n ))} = {r n }, ∀ n ∈ N.
We are now in position to prove our final results. Theorem 2.3 and Lemma 2.5 provide the tools to apply an standard method of proof introduced by Győry in [10] . Theorem 2.6. Let X and Y be pathwise connected compact metric spaces, and let E be a smooth reflexive Banach space which is 2-iso-reflexive. Suppose that ∆ is a 2-local isometry from Lip(X, E) to Lip(Y, E). Then there exist a Lipschitz homeomorphism ψ from Y onto X and a continuous map By the separability of X, we can find a countable dense subset (x n ) n of X. For each n ∈ N, we set y n = ψ −1 (x n ) ∈ Y 0 . Suppose that f and g are the functions whose existence is guaranteed by Lemma 2.5. For a fixed e ∈ S E , it follows from the 2-local property of ∆ that there exist a Lipschitz mapping V f ⊗e,g⊗e : Y → Iso(E) and a Lipschitz homeomorphism ϕ f ⊗e,g⊗e from Y onto X such that ∆(f ⊗ e)(y n ) = f (ϕ f ⊗e,g⊗e (y n )) V f ⊗e,g⊗e (y n )(e), and ∆(g ⊗ e)(y n ) = g(ϕ f ⊗e,g⊗e (y n )) V f ⊗e,g⊗e (y n )(e) for all n ∈ N. Combining this identities with the fact that y n ∈ Y 0 for every n, we deduce, via Theorem 2.3, that
where V : Y 0 → Iso(E) is the mapping given by Theorem 2.3. By the assumption on f and g in Lemma 2.5, one can derive that
For any y 0 ∈ Y 0 , there exists a subsequence (x n k ) k of (x n ) n such that (x n k ) k → ϕ f ⊗e,g⊗e (y 0 ) ∈ X, which implies that (ϕ −1 f ⊗e,g⊗e (x n k )) k → y 0 . It follows from the equality (ϕ
. This shows that ψ = ϕ f ⊗e,g⊗e on the whole Y 0 .
Finally, we prove that Y 0 = Y . For any y ∈ Y , the element ϕ f ⊗e,g⊗e (y) lies in X = ψ(Y 0 ), and hence there exists y 0 ∈ Y 0 such that ψ(y 0 ) = ϕ f ⊗e,g⊗e (y). This implies that ϕ f ⊗e,g⊗e (y 0 ) = ψ(y 0 ) = ϕ f ⊗e,g⊗e (y), and then y = y 0 ∈ Y 0 because ϕ f ⊗e,g⊗e is bijective.
Thanks to Theorem 2.4, the previous arguments also work in the case of 2-local standard isometries.
Theorem 2.7. Let X and Y be compact metric spaces, and let E be a smooth reflexive Banach space which is 2-iso-reflexive. Suppose that ∆ is a 2-local standard isometry from Lip(X, E) to Lip(Y, E). Then there exist a Lipschitz homeomorphism ψ from Y onto X and a continuous map V from Y into (Iso(E), SOT) such that ∆f (y) = V (y)(f (ψ(y))), ∀y ∈ Y, f ∈ Lip(X, E).
Moreover, ∆ is a surjective linear isometry.
In Theorems 2.6 and 2.7, we have proved that, under certain assumptions on X and E, the space Lip(X, E) is 2-iso-reflexive and 2-standard-isoreflexive, respectively. One of the requirements is that E is 2-iso-reflexive. In fact, that condition is necessary to get the conclusion of these theorems. Actually, the same arguments given in the proof of [1, Theorem 3] can be applied to get the following result. Theorem 2.8. Let X be a metric space and let E be a Banach space. If Lip(X, E) is 2-iso-reflexive or 2-standard-iso-reflexive, then E is 2-isoreflexive.
Remark 2.9. Our theorems also hold if, in their hypotheses, we consider a 2-local (standard) isometry ∆ from Lip(X, E) to Lip(Y, F ), where E and F are smooth reflexive Banach spaces for which every 2-local isometry from E to F is both linear and surjective. In such a case, the map V obtained in the conclusion should take its values in Iso(E, F ). 
